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Abstract
The article is devoted to extension groups in the category of functors
from a small category to an additive category with an Abelian structure in
the sense of Heller. It is proved that under additional assumptions there
exists a spectral sequence which converges to the extension groups.
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1 INTRODUCTION
Let Ab be the category of abelian groups, ModR the category of left R-modules
over a ring with identity.
Jibladze and Pirashvili [4], [5] proved that if A = ModR then for every small
category C and functors F,G : C → A there exists a first quadrant spectral
sequence with
Ep,q2 = H
p(C, {Extq(F (a), G(b))})
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which converges to Extn(F,G). HereHn(C, B) are the n-th Hochschild-Mitchell
cohomology groups with coefficients in a bimodule B : Cop×C→ Ab in the sense
of [1], and {Extq(F (a), G(b))} is the functor Extq(F (−), G(=)) : Cop×C→ Ab.
This spectral sequence was generalized by Khusainov [6] to an Abelian category
A with a proper class [9]. We generalize it to additive categories with Abelian
structures in the sense of Heller [3].
2 ABELIAN STRUCTURE
Let A be a preadditive category, B ∈ A an object. A direct sum decomposition
(A,A′, i, p, i′, p′) of B consist of objects and morphisms
A
i
→ B
i′
← A′, A
p
← B
p′
→ A′
satisfying to the conditions:
p ◦ i = 1A, p
′ ◦ i′ = 1A′ ,
p′ ◦ i = 0AA′ , p ◦ i
′ = 0A′A,
i ◦ p+ i′ ◦ p′ = 1B
A morphism ρ : B → A is called a retraction if there exists a morphism
ν : A→ B such that ρ ◦ ν = 1A.
An additive category is a preadditive category with a zero-object and with
finite products. We follow to Mac Lane [9] for the notions of the kernels and
cokernels.
Lemma 2.1 Let A be an additive category. Then the following conditions are
equivalent:
(1) Every retraction has a kernel;
(2) For every morphisms ρ : B → A and i : A→ B in A satisfying ρ ◦ i = 1A
there are an object A′ and morphisms ρ′ : B → A′, i′ : A′ → B such that
(A,A′, i, ρ, i′, ρ′) is a direct sum decomposition of B.
The condition (2) is called Cancellation Axiom in [3]. Thus, if A is an
additive category in which all retractions have kernels then A is a category with
Cancellation Axiom.
The sequence of morphisms
0 −−−−→ A′
α′
−−−−→ A
α′′
−−−−→ A′′ −−−−→ 0
is called a short exact sequence, abbreviated ”s.e.s”, if (A′′, α′′) is a cokernel of
α′ and (A′, α′) is a kernel of α′′. More generally, a sequence
An
fn
−−−−→ An−1
fn−1
−−−−→ . . .
f1
−−−−→ A0
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is exact if there are s.e.s 0 → Bj
uj
→ Aj
νj
→ Bj−1 → 0 for j = 1, 2, . . . , n − 1, an
epimorphism νn : An → Bn−1 and a monomorphism u0 : B0 → A0 such that
fj = uj−1 ◦ νj , j = 1, 2, . . . , n.
Let A be an additive category with Cancellation Axiom. An Abelian struc-
ture on A is a subclass P ⊆MorA whose elements are called to be proper maps.
A short exact sequence whose maps are proper is a proper s.e.s.
The class P is to be subject to the following axioms:
(P0) 1A ∈ P for all A ∈ ObA.
(P1) If (f : B → C) ∈ P , (g : A → B) ∈ P and g is an epimorphism then
f ◦ g ∈ P ; dually, if f ∈ P , g ∈ P and f is a monomorphism then
f ◦ g ∈ P .
(P2) If f ◦ g ∈ P is a monomorphism then g is proper; dually, if f ◦ g ∈ P is an
epimorphism then f is proper.
(P3) For every proper map f : B → D there are proper s.e.s 0 → A → B →
C → 0 and 0→ C → D → E → 0 such that the following diagram
0 −−−−→ A −−−−→ B −−−−→ C −−−−→ 0
yf
y1C
0 ←−−−− E ←−−−− D ←−−−− C ←−−−− 0
is commutative.
(P4) If in the commutative diagram
0 0 0
y
y
y
0 −−−−→ A′ −−−−→ A −−−−→ A′′ −−−−→ 0
y
y
y
0 −−−−→ B′ −−−−→ B −−−−→ B′′ −−−−→ 0
y
y
y
0 −−−−→ C′ −−−−→ C −−−−→ C′′ −−−−→ 0
y
y
y
0 0 0
all collumns and the second two rows are proper s.e.s, then the first row
is a proper s.e.s.
We remark that (P3) implies the existence of kernels and cokernels for all proper
maps by [3, Prop. 2.2].
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Let A be an additive category with Cancellation Axiom, C a small category.
We denote by AC the category of functors C→ A. If ρ : F → G is a retraction
in AC then ρc : F (c) → G(c) are retractions for all c ∈ ObC and have kernels
by Lemma 2.1. Consequently, ρ : F → G has a kernel. Therefore AC is the
additive category with Cancellation Axiom.
The Abelian structure generalizes the proper class in an Abelian category in
the sense of [9]. We refer to [7] and [3] for other examples of Abelian structure.
By [3, Prop. 3.5] an additive category carries Abelian structures if and only
if it satisfies the Cancellation Axiom.
Proposition 2.2 Let A be an additive category with an Abelian structure P,
C a small category, CP the class of all natural transformations η : F → G for
which ηc ∈ P for all c ∈ ObC. Then the class CP is an Abelian structure on
AC.
Proof. It is clear that AC is the category with Cancellation Axiom by Lemma
2.1. We check the axioms (P0)-(P4) for CP :
(P0) Each identity 1F : F → F consists of 1F (c), c ∈ ObC. Hence 1F ∈ P .
(P1) A morphism η : F → G in AC is a monomorphism if and only if ker η = 0.
Hence η is a monomorphism if and only if ηc are monomorphisms for all
c ∈ ObC; dually for epimorphisms.
(P2) Analogously.
(P3) For every f ∈ P we choose a kernel (ker f ,kf ) of f . By definition of kernels
[9, Ch.IX] for every commutative diagram
A
f
−−−−→ B
α
y
yβ
A′
f ′
−−−−→ B′
(1)
with f, f ′ ∈ P and α, β ∈ MorA there exists unique ker f → ker f ′ for
which the following diagram is commutative
ker f
kf
−−−−→ A
f
−−−−→ B
y
yα
yβ
ker f ′
kf′
−−−−→ A′
f ′
−−−−→ B′
Dually, we choose cokernels (cokerf, cf). Consider the category which
objects are all members of P and morphisms are commutative diagrams
(1).
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We see that ker and coker are functors from this category to A. Hence for
every natural transformation η : F → G with ηc ∈ P , for all c ∈ ObC, we
have a diagram of natural transformations
0 −−−−→ ker η
kη
−−−−→ F
ε
−−−−→ cokerkη −−−−→ 0
yη
yξ
0 ←−−−− cokerη
cη
←−−−− G
m
←−−−− ker cη ←−−−− 0
where ξ is an isomorphism of functors. By [3, Prop.3.3.] all equivalences
in A belong to P , therefore ξ ◦ ε is a proper epimorphism, and we obtain
(P3) for CP .
(P4) A sequence of functors is exact if and only if it is exact at every c ∈ ObC.
Thus (P4) holds.
Q.E.D.
An object P is called P-projective if for every proper epimorphism ε : A→ B
and for a morphism α : P → B there is β : P → A such that ε ◦ β = α.
Let A be an additive category with Cancellation Axiom, P ⊆ MorA an
Abelian structure. Following Heller we will say that A has enough P-projectives
if for each A ∈ ObA there is a P-projective object P (A) ∈ A and a proper
epimorphism P (A)
piA
→ A.
Proposition 2.3 Let A be an additive category with coproducts, P an Abelian
structure. If A has enough P-projectives and coproducts of proper epimorphisms
are proper, then AC has enough CP-projectives.
Proof. We consider the set ObC as the maximal discrete subcategory of C.
Let O : AC → AObC be the restriction functor, O(F ) = F |ObC. The category A
has coproducts, hence there is a left adjoint functor Λ to the functor O. Up to
a natural isomorphism, we have Λ(D)(c) =
∑
c0→c
D(co) for each D ∈ A
ObC.
The counit of adjunction εF : ΛOF → F splits on each c ∈ ObC, hence εF
is a proper epimorphism in AC with respect to Abelian structure CP . Choose
a family P = {P (c)}c∈ObC ∈ A
ObC of P-projectives and a family of proper
epimorphisms ψ = {ψc : P (c) → F (c)}c∈ObC and apply the functor Λ. Then
Λ(ψ)c : Λ(P )(c)→ Λ(OF )(c) is a proper epimorphism for each c ∈ ObC as the
coproduct of proper epimorphisms.
Consequently, εF ◦ (Λ(ψ)) : Λ(P )→ F is a proper epimorphism in A
C.
The functor AC(Λ(P ),−) is isomorphic to the functor AObC(P,O(−)) which
is exact on all proper s.e.s in AC. Thus, Λ(P ) is CP-projective and there is an
proper epimorphism Λ(P )→ F . Q.E.D.
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3 COHOMOLOGY OF CATEGORIES
Let C be a small category, F : C→ Ab a functor.
Consider the sequence of groups
Cn(C, F ) =
∏
c0→...→cn
F (cn), n ≥ 0.
Let NnC be the set of all sequences of morphisms c0 → c1 → . . .→ cn in C.
Regarding each ϕ ∈
∏
c0→...→cn
F (cn) as a function ϕ : NnC →
⋃
c∈ObC F (c)
with ϕ(c0 → . . .→ cn) ∈ F (cn), we define the homomorphisms d
n : Cn(C, F )→
Cn+1(C, F ) by the formulas
(dnϕ)(c0
α1→ c1 → . . .
αn+1
→ cn+1) =
n∑
i=0
(−1)iϕ(c0
α1→ . . .
αi→ cˆi
αi+1
→ . . .
αn+1
→ cn+1)+
(−1)n+1F (αn+1)(ϕ(c0
α1→ . . .
αn→ cn)).
Here (c0
α1→ . . .
αi→ cˆi
αi+1
→ . . .
αn+1
→ cn+1) is equal to (c0
α1→ . . . → ci−1
αi+1◦αi
−→
ci+1 → . . .
αn+1
→ cn+1) if 0 < i < n+ 1, and to (c1
α2→ . . .
αn+1
→ cn+1) if i = 0. It
is well known that dn+1 ◦ dn = 0 for all n ≥ 0. We have obtained the complex
of Abelian groups and homomorphisms
0→ C0(C, F )
d0
→ . . .→ Cn(C, F )
dn
→ Cn+1(C, F )→ . . .
which is denoted by C∗(C, F ). The cohomologiesHn(C∗(C, F )) = ker dn/Imdn−1
are isomorphic to Abelian groups limnC F (see [11], for example) where lim
n
C :
AbC → Ab are the n-th right derived functors of the limit limC : Ab
C → Ab.
In particular, if C has the initial object then Hn(C∗(C, F )) = 0 for n > 0
and H0(C∗(C, F )) ∼= limC F .
For each c ∈ ObC we denote by c/C the comma-category in the sense of [8],
its objects are pairs (a, α) of a ∈ ObC and α ∈ C(c, a), and for each pair of
objects (a, α ∈ C(c, a)) and (b, β ∈ C(c, b)) the set of morphisms from (a, α) to
(b, β) consists of γ ∈ C(a, b) for which the following diagrams
c
α
−−−−→ a
y=
yγ
c −−−−→
β
b
(2)
are commutative.
Let Qc : c/C → C be the functor which carries the above diagram (2) to
γ : a → b. The category c/C contains the initial object (c, 1c). Therefore, the
functor limc/C is exact and H
n(C∗(C, GQc)) = 0 for every functor F : C→ Ab
and n > 0.
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Let C be a small category. For each a ∈ ObC we identify the morphism 1a
with the object a, so ObC ⊆MorC. Objects of the factorization category [1] C′
are all morphisms of C, and the set of morphisms C′(f, g) for any f, g ∈ MorC
consists of pairs (α, β) of morphisms in C for which the diagram
b
β
−−−−→ d
f
x
xg
a ←−−−−
α
c
is commutative; we denote the morphisms by (α, β) : f → g. The composition
is defined as (α2, β2) ◦ (α1, β1) = (α1 ◦ α2, β2 ◦ β1). Functors F : C
′ → Ab are
called natural systems.
Let C be a small category, F : C′ → Ab a natural system. For every n ≥ 0
we consider an Abelian group
Kn(C, F ) =
∏
c0
α1
→c1
α2
→c2→...
αn
→cn
F (αn ◦ αn−1 ◦ . . . ◦ α1)
We regard elements of Kn(C, F ) as maps ϕ : NnC →
⋃
g∈MorC F (g) with
ϕ(α1, . . . , αn) ∈ F (αn◦αn−1◦· · ·◦α1) and define homomorphisms d
n : Kn(C, F )→
Kn+1(C, F ) by the formula
(dnϕ)(α1, . . . , αn+1) = F (α1, 1)ϕ(α2, . . . , αn+1)+
n∑
i=1
(−1)iϕ(α1, . . . αi−1, αi+1 ◦ αi, αi+2, . . . , αn+1)+
(−1)n+1F (1, αn+1)ϕ(α1, . . . , αn).
Cohomology groups Hn(K∗(C, F )) = ker dn/Imdn−1 are called n-th cohomol-
ogy groups Hn(C, F ) of C with coefficients in the natural system F .
For any α ∈ MorC we denote by domα and codα the domain and the
codomain. We have the functor (dom, cod) : C′ → Cop × C which acts as
f 7→ (domf, codf) on objects, and ((α, β) : f → g) 7→ (α, β) on morphisms of C′.
Baues and Wirsching [1] proved that Hn(C, F ) ∼= limnC′ F for all n ≥ 0. Functors
B : Cop×C→ Ab are called bimodules over C. For each bimodule B over C we
denote by {B(domα, codα)} the natural system B ◦ (dom, cod) : C′ → Ab. The
Hochschild-Mitchell cohomologies Hn(C, B) of the category C with coefficients
in the bimodule B are the Baues-Wirsching cohomologies of C with coefficients
in the natural system B ◦(dom, cod). It is easy to see that Hn(C, B) isomorphic
to limnC′{B(domα, codα)}.
4 EXTENSION GROUPS
Let A be an additive category with an Abelian structure P , and with enough
P-projectives. Then for every A ∈ ObA we have some object P (A) and some
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proper epimorphism piA : P (A) → A. We denote by ωA : Ω(A) → P (A) a
kernel of piA.
Let P∗(A) be the exact sequence of P-projective objects and the proper
morphisms which is obtained by sticking of sequences
0 → Ω(A)
ωA
→ P (A)
piA
→ A → 0
0 → Ω2(A)
ωΩ(A)
→ P (Ω(A))
piΩ(A)
→ Ω(A) → 0
· · ·
0 → Ωk+1(A)
ωΩk(A)
→ P (Ωk(A))
piΩk(A)
→ Ωk(A) → 0
· · ·
That is P∗(A) consists of morphisms and objects:
0← P (A)
ωA◦piΩ(A)
←− P (Ω(A))
ωΩ(A)◦piΩ2(A)
←− P (Ω2(A))← . . .
← P (Ωk(A))
ωΩk(A)◦piΩk+1(A)
←− P (Ωk+1(A))← . . .
Heller define ExtnP(A,B) as the group Hom−n(P∗(A), P∗(B)) of homotopical
classes of homogenous maps. It follows from [3, Prop. 11.6] that ExtnP(A,B)
∼=
Hn(A(P∗(A), B)), ∀n ≥ 0.
Denote by L : Set→ Ab the functor from the category of sets to the category
of abelian groups which assigns to each set E the free Abelian group generated
by E and to each map f : E1 → E2 the homomorphism extending f .
Lemma 4.1 Let C be a small category, A an additive category with coproducts,
F : C → A a functor, D = {Dc}c∈ObC a family of objects Dc ∈ ObA. Then
limnC′{A(ΛD(domα), F (codα))} = 0, ∀n > 0, where Λ : A
ObC → AC is the left
adjoint to the restriction functor O : AC → AObC.
Proof. For every A ∈ ObA and a set E we denote by ΣEA the coproduct of
the family {Ae}e∈E of objects Ae = A. Let νe : A → ΣEA be the canonical
injections. Consider the isomorphism
ω(E,A,B) : A(ΣEA,B)→ Ab(LE,A(A,B))
which assigns to every morphism ϕ : ΣEA→ B the homomorphism ω(E,A,B) :
LE → A(A,B) acting an e ∈ E as e→ ϕ ◦ νe ∈ A(A,B).
Then we keep an arbitrary c ∈ ObC. Consider the sets E = hc(a) = C(c, a)
with a ∈ ObC. Let Lhc be the composition of L and hc. Then there is an
isomorphism
A(ΣC(c,a)A,B)→ Ab(Lh
c(a), hA(B)),
which is natural in a ∈ C and A,B ∈ A. Let Λc : A → AC be the left adjoint
to the functor AC → A acting as F → F (c) for F ∈ Ob(AC) and η → ηc for
η ∈ Mor(AC). It is known that (ΛcA)(a) = ΣC(c,a)A for all a ∈ ObC. For each
functor F : C→ A we have an isomorphism of bifunctors
A(ΛcA(−), F (=)) ∼= Ab(Lhc(−), (hA ◦ F )(=)).
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It leads to an isomorphism
A(ΛcA(domα), F (codα)) ∼= Ab(Lhc(domα), (hA ◦ F )(codα)) (3)
of the natural systems on C with fixed c. For every family D = {Dc}c∈ObC of
objects in A there exists an isomorphism ΛD ∼= Σc∈CΛ
cDc. Hence
limnC′{A(ΛD(domα), F (codα))}
∼=
limnC′{
∏
c∈CA(Λ
cDc(domα), F (codα))} ∼=
∏
c∈C lim
n
C′{A(Λ
cDc(domα), F (codα))}
Thus, by the isomorphism (3) it suffices to prove that
limnC′{Ab(Lh
c(domα), (hA ◦ F )(codα))} = 0,
for every A ∈ ObA and n > 0. We will prove that
limnC′{Ab(Lh
c(domα), G(codα))} = 0,
for every c ∈ ObC and G ∈ AbC.
For that purpose we consider the natural system
M = {Ab(Lhc(domα), G(codα))}
and the complex K∗(C,M). Then
Kn(C,M) =
∏
c0→...→cn
Ab(Lhc(c0), G(cn)) ∼=
∏
c0→...→cn
∏
c→c0
G(cn).
We recall that Cn(c/C, GQc) consists of functions
g : Nn(c/C)→
⋃
α∈Ob(c/C)
GQc(α)
with g(c → c0 → . . . → cn) ∈ GQc(c → cn); the homomorphisms d
n :
Cn(c/C, GQc)→ C
n+1(c/C, GQc) act as
(dng)(c→ c0 → . . .→ cn+1) =
n∑
i=0
(−1)ig(c→ c0 → . . .→ cˆi → . . .
→ cn+1) + (−1)
n+1G(cn → cn+1)g(c→ c0 → . . .→ cn).
We will prove that the complex K∗(C,M) for
M = {Ab(Lhc(domα), G(codα))}
is isomorphic to C∗(c/C, GQc).
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It is clear that Kn(C,M) ∼= Cn(c/C, GQc). The homomorphism d
n :
Kn(C,M) → Kn+1(C,M) has the following action on functions f for which
f(c0 → . . .→ cn)(c→ c0) ∈ G(cn):
dnf (c0 → c1 → . . .→ cn+1)(c→ c0) =
f(c1 → . . .→ cn+1) ◦ Lh
c(c0 → c1)(c→ c0)+∑n
i=1(−1)
if(c0 → . . .→ cˆi → . . .→ cn+1)(c→ c0)+
(−1)n+1F (cn → cn+1)f(c0 → . . .→ cn)(c→ c0).
We let f˜(c → c0 → . . . → cn) = f(c0 → . . . → cn)(c → c0). We check that the
correspondence f → f˜ is a morphism of complexes:
dnf˜(c→ c0 → . . .→ cn+1) = f˜(c→ cˆ0 → c1 → . . .→ cn+1)
+(−1)if˜(c→ c0 → . . .→ cˆi → . . .→ cn+1)+
(−1)n+1F (cn → cn+1)f˜(c→ c0 → . . .→ cn).
Thus, the map f → f˜ is an isomorphism of complexesK∗(C,M) and C∗(c/C, GQc).
Consequently, the n-th cohomology groups of K∗(C,M) are zeros for n > 0.
Hence limnC′{Ab(Lh
c(domα), G(codα))} = 0 for all n > 0. The isomorphism (3)
and preservation of products by limnC′ finish the proof.
Theorem 4.2 Let A be an additive category with coproducts, P a nonempty
Abelian structure. If the coproduct of every family of proper epimorphisms is
proper, and A has enough P-projectives, then for each small category C and
functors F,G : C→ A there exists a first quadrant spectral sequence with
Ep,q2 = lim
p
C′
{Extq
P
(F (domα), G(codα))} =⇒ Extp+q
CP
(F,G).
Proof. We will build an exact sequence
0← F ← F0 ← F1 ← . . .
of proper morphisms with CP-projective Fn for all n ≥ 0. Recall that O :
AC → AObC is the restriction functor, and Λ the left adjoint to O. The counit
of adjunction εF : ΛOF → F is a retraction on each c ∈ ObC. We choose a
family P = {P (c)}c∈ObC of P-projectives and a family of proper epimorphisms
ψ = {ψc : P (c) → F (c)}c∈ObC and apply the functor Λ. Then Λ(ψ) : Λ(P ) →
ΛOF is the proper epimorphism as a coproduct of proper epimorphisms. We
let F0 = Λ(P ). Let K be a kernel of the morphism ε◦Λ(ψ) : F0 → F . We apply
above building to K instead of F and obtain some functor K0. We let F1 = K0.
Then the inclusion K → F0 is a proper monomorphism in A
C. Consequently,
the composition F1 → K → F0 is a proper morphism. We denote it by d0. By
induction we build the members F2, F3, . . . and morphisms dn : Fn+1 → Fn.
Now we consider the complex
{Kn(α)} = {A(Fn(domα), G(codα))}
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in the category AbC
′
of natural systems on C. By Grothendieck [2] there are
two spectral sequences concerned with hyper cohomologies of the functor limC′
with respect to the complex K∗
Hp(limq
C′
{K∗(α)}) =⇒ Hn, limp
C′
{HqK∗(α)} =⇒ Hn.
For each n ≥ 0 there exists a family A = {Ac}c∈ObC of objects of A such that
Fn = ΛA. Applying Lemma 4.1 we obtain lim
q
C′
{Kn(α)} = 0 for all q > 0,
and n ≥ 0. Thus, the first spectral sequence degenerates and second gives the
looking spectral sequence.
The preabelian category is the additive category with kernels and cokernels.
A morphism f : A→ B in the preabelian category is called strict if the associ-
ated morphism Coimf → Imf is the isomorphism. Kuz’minov and Cherevikin
proved that any quasiabelian category has the Abelian structure in the sense
of Heller where the class of proper morphisms consists of all strict morphisms.
In particular the category of locally convex spaces and coninuous linear maps is
quasiabelian. Palamadov proved that this category has enough injectives. The
proper monomorphisms in this category are all the kernels. This category has
the infinite products. The product of kernels is the kernel. Hence, the opposite
to the conditions of Theorem 4.2 are satisfied.
Corollary 4.3 Let C be a small category and A the category of locally convex
spaces and continuous linear maps. Then for every diagrams F, G : C → A
there exists the spectral sequence with
Ep,q2 = lim
p
C′
{Extq
P
(F (domα), G(codα))} =⇒ Extp+q
CP
(F,G).
where P is the class of all strict morphisms.
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